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Subgroups of Black-White Point Groups

By E. ASCHER AND A. JANNER¥
Battelle Institute, Geneva, Switzerland

(Received 11 March 1964 and in revised form 29 April 1964)

The necessity of distinguishing the orientations of a subgroup in a group is pointed out. The numbers
of different subgroups and normal subgroups of the black-white point groups are given first by
taking into account this distinction, secondly by not distinguishing the orientations, and thirdly
by not distinguishing isomorphic subgroups. Groups that can be constructed by successive formation
of direct products are assembled into seven families, each of which contains precisely one black-
white point group that is not isomorphic to an ordinary point group.

There are 25 non-isomorphic (abstract) black-white Table 2. Subgroups that are normal or not, depending on

point groups that give rise to a total of 122 non- their orientation
equivalent (crystallographic) black-white point groups Nurber of N umbGTIOf
umbper o: normal
(Table 1, column I). Group Subgroup orientations orientations
D, c, 5 1
Table 1. Numbers of isomorphs and subgroups Dy C, 3 1
of the abstract black-white point groups Dy(D,) c, 3 1
I 1L I Dya(Dy) Cy 3 1
Non- Ab- Abstract  Total Total C, 5 1
Ab- equivalent stract normal number number Dy, Sy 5 1
stract  realiza- sub- sub- of sub-  of normal Cay 6 2
group tions groups  groups groups subgroups Can 5 1
c, 1 1 1 1 1 C, 5 1
C, 7 2 2 2 2 Dyx0 0x(Cy) 5 1
D, 12 3 3 5 5 D,(Cy) 6 2
Dap 7 4 4 16 16 2% 0 5 1
4 S,(C 5 1
Can 6 5 5 8 8 Dyn(Dy) { 012(7)(82) 6 9
Cypx 0 1 7 7 27 27 Can(Cy) 5 1
D, 10 5 5 10 6
Dyp 9 8 8 35 19 g2 g }
Dypx0 1 11 11 146 78 Dan(D 1
A 1 2 2 2 2 4h( 2h) sz 3 1
Cy 7 4 4 4 4 Can 3 1
Cen 7 6 6 10 10 C, 3 1
Cen % 0 1 7 7 32 32 Doy x 0 Cy(Cy) 3 1
Dy 4 4 3 6 3 2d X D,(C,) 3 1
Dy 16 7 6 16 7 C,x0 3 1
Degp, 10 10 9 54 21
Dgrx8 1 13 12 236 83 gz(o ) g ;
T ©1 5 3 10 3 Dan(D 11y
T, 3 8 6 26 6 s Dad) Cao(Cy) 3 1
Thx0 1 10 8 88 15 Can(Cy) 3 !
7] 4 9 4 30 4 C, 5 1
Op 6 16 8 98 9 S, 5 1
Onx0 1 23 i1 420 26 Ca(Cy) 5 1
8,(Cy) 5 1
2v 6 2
The 7 black-white point groups that are not iso- Dy(Cy) 6 2
morphic to an ordinary point group are: Dypx 6 C20(C2) g ?
2n
Dopx 8, Csnx8, Dspx0, Cenx0, Cyx 0 5 1
Can(Co) 5 1
Dep x 0, Trx 6, Onx0. Can(S,) 5 1
_— S, x 5 1
* Present address: Instituut voor Theoretische Fysica, Con(Sy) 5 1
Universiteit Nijmegen, The Netherlands. Cop x 0 5 1
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Table 2 (cont.)

Number of Number of
Number of normal Number of normal
Group Subgroup orientations orientations Group Subgroup orientations orientations
Dy C, 7 1 ] C, 7 1
Dgn(Dyg) S1(Cy) 7 1
Dsp, Sy 4 1 ] Can(C,) 7 1
Dg(Dy) Co(C) 4 1 Cy(Cy) 4 1
Deh(Dsd) S1(01) 4 1
Dgn(Dy) 8,(Cy) 4 1 Con(S,) 4 1
C, 7 1 8, 4 1
Dgp, S, 7 1 Dgp x 6 8;(Cy) 4 1
Caon 7 1 Syx 0 4 1
C, 7 1 Sy 4 1
Dyx 6 Cy(Cy) 7 1 Degn(Dsp) Cy(Cy) 4 1
Cyx 6 7 1 Can(Sy) 4 1
Table 3(a). Subgroups of the black-white point groups
S means number of non-equivalent subgroups
N means number of non-equivalent normal subgroups
N ]S POINT GROUP
1 1{1 Cy 141
2| 2]2 [ T
2 2| m Sy 3|1 1
2] 2)2 Co(C1) W1 1
2] 2|m S, (€1) 5|y [l
217 S 8|1 [
2} C, =6 711 1
2] 7 S3(C1) 8] 1
3] 222 D 9f1]3 1
4] mm2 Cav whi|i]2 1N\
4] 4j222 D,(C2) 1l |2 i
4l 4]mm2 C2(Ca) | 12f1]1 2 1
S| _5]2/m Can Blif1]1 1 1
s| s|ar C; =8 w11} 1 1 ; 11
5] s|2/m CanlC2) | 15|11 1 K] L n
5| 5| 2/m CanlSg) | 1611 RN 1 [N
5] Slmr ) i 1 1! 1 1
51 5{%m Canfs) | 11} [1 1 1 1 1
S| 5]mm2 C(S1) | W] J1i1]1 1
sl s Sy 0 2|1 RN 1
8] 8|lmmm Ozn 2{1]s3 1 1 1
a| 82221 D, =6 | 22]1[3] 3 1 1
8| 8|mmm | Dyn(0) | 23[1[3] |3 T K
2| 12{mmm D) | 26711 221 2 1)
2] 2] mmar |[cye8 | 25[1]3[21]2] [ 2l | 1] i
2] 2]mmm [0 | 26112 21 1 2| !
B 16]2/my | Conx0 | 270114 ] 1)1 1 [ o 1
28] 28] mmmt" | Dpw=0 | 26]1[3]3 313 1]1]1]1 Sl 1] 1[1[3]3,3[3]1
HEED Ce IR H 1
3] 3% S¢ E10E :
3| 3|« Co(C2) BEE |
3 3% S (C2) 2{1]1 X
| 8] 8]4/m Gen s |
8| sfar C, 6 « 1] 1 |
(8| B[ 4m CanlC) | 35[0 " T :
[ 8| s[4/m ConlCan | 3611 [0
8 8] &r S¢ %0 ]
8 8 | &/m" Cen (Sz) 3811 1
27| 7| 4t | Cenee | 39[01]10000110
5| 5|42z [ 7] 1)
6] 7]4zm Dag o 1]3]2
6| 742z D.02) [aafn[a] |2
6| 7)%zm Dg(0z) | 43[1]3 2
5| 6)4mm Cay 414
| 5] 6]422 DelC) 4Sh1[1] [«
s| slamm  Jco ] @1 4
6] 8 4Zm D2a(54) | &7|1[1] |22
6 8|{&mm CevlCav) | @1]1]2 2
6] 8 |%em DaalC2) | @ 1 [1]2(2
15| 5 {4fmmm | D 0l1[5]s
15| 15] 4227 D, *8 5Tfi]s] |5
15| 15| 4fnmm | Den (D) | 52] 1[5 5
19| 23] 4fmm | Dun(Dz) | S3]7[3[3[2]2
19] 23[Z2mt | D2q%0 | sa81]3[2/3.2
19] 23] ghemem | Dan(D2o) | S5]1]3]2[2[3
15] 19| 4fnm'm | Dan(Cend | SEYT[T[1]4 ][4
15| 9] 4mmt | Cev®® | STRI[T]4[1]4
15 | 19 ‘mm Den (Cav) 5841 f114l4 ]
58 | 59| 4bammt ihx 8 5941 ]5{5'5.5
SuB- SIS
GROUP |
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Table 3(c). Subgroups of the black-white point groups

POINT GROUP

3 3 BTN,

3 Cs GRKE

[ Can 62 [1] 1

s‘ Cs(C3) 53 [1 1

& C(C3) 54 1 1

3 Se 55 | 1 1

3 €30 6|1 1

3 S¢(Ca) 67 |1 1

6/m Cen 68 | 111 1 1

61 Cs=6 s 1|1 |1 [ 1

§/m' CenfCe) | 70 [1]1 1 [ 1

6/m’ Cen(Sg) | 71 |1 T 1

LM Cans8 2 [ [ [t 1

6/m CenlCan) | B[V] [1[1 1 1

3 ) 7% |1 1111 1

&/ mi" Cen'0 ANINNENNDDORDDaNE

32 Dy 76 |1 1

Im Cw |7 1

32 0(C3) 7|1 1

3 C(C) | B 1

622 Ds 8 [T]1 2 i

Im [ 811 1 [ 1

% Toee [Texlif T if 13 T

¥ Dys(Dy) | 831 i ! 1 [

I | Dsatse) | e |0 [ 7L E T ] 1

3 me Cy,*6 85 |1 1 1 1

Im DaalCs) | 8611 K 11 1

g m2 Dan 87 1] | J Y 1 1

' 0s(D) | 88 |1 [ I AEE [

[ & m2 Dsn(Dy) | 89 1 [ i 1 1

6 mm [ EJE0 2 1

622" De(Ce) | 9r]1]1 2 1

6 mm | CeulCs) | 92[1]1 2 i N

B m2 D) | 93]1 1

6 mm' [ CoCo) | %1 1

§m2+ | owlCad | 951 1 1

§/mmm | Den 9% |11 1 [ 2]2

6221 D=9 o [Tt [ 1 2

6/m'm'm’ | DenlDs) | 98 |1]1 1 1 1 2

6/mmm' | DenlDsg) | 99 |1 1 1 B

Em2r |osee  J00 0T AT [A] AT [ [ [N EREY

§/mmm | Dgn(Dan) | 101 [ 1] 111 [ 1 1

6/mm'm’ | DgnlCon) | 102 [1[1]1" 1 1

6 mmt | Ce® [ 103 [11] [1 i i 2

§/mmm_| Den(Cer) | 104 [ 1] [ 1 i 2

FIESH ) 05 |1 KK : IBROE

gmmml‘ Oen*8 LS ERTRENEAEN ERERE] KB O ENEEEN K1 KR FA 3 1

23 T 07 K4 ! i ! T ! T

m3 T 108 f4 4. | i ! \ \ ; X 1]

7 78 s B4l ot : R : : T %_>

m3 Th(T)_ | o4 14 1 I I : Tl

m3 Th+6 B4 T[4 44 1 1 T i DENIED

432 0 12 §4 P : 4] | : I 1 1 1

43m Te 113784 i 4 | ! 1 1

37 oM ]« | ‘}_.“ T o ; i 1] ! DEREEEE

@ () Trsf« | 1 | 1 [T &l T [T K]

m3m On 116 J4 . P 4j4 4 i T DI N i)

[@ar ~ Jows_ [Nl 7} N T Tl =] & T EEEE AR AN RSN

m3m On(0) | 1184 W 4 4 T4 ' 1 T h 1

m3m' on(Tn) [ 1194 4, X : 4 1 11 1

Z3mi T [120f4] | [T T4 T 111114 4 % ) i BE 1

m3m | On(Ta) | 121 §4 « ‘4 [ I n i 1

m3ml'__| On-@ 122 |4 AR 7 NEAEBRRGRN0 [ gD
T +

A EEE AR BN SRR '.:}2|ﬂ S[pEe|RsE[s8 2355 /3/35/85,3 /38 5/8 8 3[8[8]s e B SRR

6 is the group consisting of the identity and of the black-white point groups but not the various orienta-
colour reversal operators. tions, there are 7 groups isomorphic to Duy:Dsp,

The usual notation G(H) for black-white point D2x and Dsn(D:) each have 8 subgroups, whereas
group means that it has a subgroup H of index two, Day(Can), Cav % 6, and Dop(Csv) have each 12 subgroups;
containing all elements that are not multiplied by Czx @ even has 16 of them. If now we distinguish
the colour reversal operator (see e.g. Hamermesh, between the different orientations, each of the 7 groups

1962). again has the same number of subgroups, viz. 16
When considering the subgroups of the black-white that are all normal. In Table 1 we indicate the number
point groups, it is advisable to distinguish not only of non-isomorphic subgroups and non-isomorphic
the different crystallographic black-white point groups normal subgroups (in column II), and the total
but also the different orientations that may occur number of different subgroups and different normal
with respect to a given group. There are several subgroups (in column IIT) for each of the 25 abstract
reasons for doing so. black-white point groups. The number of subgroups
Isomorphic groups must have the same number of without distinction of orientation within the group
subgroups. Thus the abstract group Ds, has 4 non- may be found in Tables 3(a) and 3(b).
isomorphic subgroups: C1, Ce, De, and Dgy, all of which A more stringent reason appears when we wish to
are normal. If we distinguish all non-equivalent single out the normal subgroups; this can generally
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Table 4(a). Normal subgroups within the heavy frame of Table 3(a)

POINT GROUP
422 D4, w1 2
42m D2d a1 11
422 D, (D) ZIERE 1] [
L2m' Daa(D2) | 43]1]1 1 1
4mm Cov 661111 2
422 D4 (Cs) 5111 2
4Hmm' Cuv (Cy) AR 2
42'm' Dag(Sy) | 47|11 11
Gmm' Cay (C2v) 4l 1 1
42'm D2a(Cav) | 49111 101
4&/mmm Ds4h 5011}11(1 1 2|2 1 2
4227 D, x© s1|1]1] |1 11 2] |2 1 2
4/m'mm’ | Dan (Ds) 5211]1 1 1]2 2 1 2
4/mmm | Den(D2n) | 83[1[1]1 1 11111 1 1
Z2m? Dq %0 se{1f1] [1 1 1111 1 1 1
Gimm'm | D4n @20) | 55{1]1 1 KK 1 1 1
4/mmm | Do Con) | 56 1] 1] 1 2]2(1 2
4mm1 | C4v %0 s7{111] |1 1 2] (2 |1 2
4mmm | D) | 58]0 11 1 1| 272 1 2
4/mmm1’ | Din =8 59 [11]1]1|1[1]1]1][2]2(2]2]1 ] 1] 1|1 ]1]1] |1 2[2]2]2]2]1
o S R N LI EI ST F S E 4 BN EMER LS
o e~ R e 3o 3o
o~ |~ —~ ~| o~ o~ ~ - SO )
3 Slg| |elg] |.[alg] J2glEledige]  ® ST St
& | 5|50 S| ol v|5| 8|85 8|5 58S 8w S| 5| vlsl 88|85 | 8|S
|
(% E|E = .E
N I - =N -
L “‘E;‘Z‘,;E-EE'—EE-Eﬁ:‘EFEEE
~lole|alEl- 1Tk IR E N EINERINENEE| e S ElEElElR

not be done if the orientation of the subgroup is not
specified. In D4y for instance the subgroup Czy occurs
in 6 different orientations; two of them give rise to
a normal subgroup, four of them do not. Table 2
gives a complete list of groups with subgroups that
are normal or not according to their orientation.

In Tables 3(a), 3(b), 3(c) we indicate the number
of times each subgroup occurs in one of the 122
black-white point groups. All subgroups outside the
heavy frame are normal. The normal subgroups
occurring within the heavy frame are indicated in
Tables 4(a) and 4(b). So far as Table 3(c) is concerned,
none of the subgroups within the heavy frame is
normal.

One word about the order we have adopted for
the enumeration of groups. First of all, isomorphic
groups are placed together. Furthermore, groups that
can be constructed by successive formation of direct

products with the abstract group of order two are
assembled together. Besides C: we thus have the
7 families:

Co, D2=C%x C%, Dop, Do x 0

Cy, Can, Canx 0

.D4, D4},,, D4h x 6

Cs, CE=C§ X Cé, Ceh, Cenx 0

D3, D= Djx C%, Dgn, Denx 0

T, Th, Th x 6

0, Oh, Onx0.

Each family contains precisely one black-white
point group that is not isomorphic to an ordinary
point group.

We wish to thank the Cobalt Information Centre,
Brussels (¢f. Janner & Ascher, 1963) and the Battelle
Institute, Geneva, for their support of this research.
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Table 4(b). Normal subgroups within the heavy frame of Table 3(b)

101

Y11

1
1
1
1
1

78

79

83

85

8

83

89

9

93
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96 (1|11 |
100 |1
101
1021 1]
10311
104 [1[1
106 |1
108

110

13 |1
1% |1
115

119 |1
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Cevt®
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D34(03)
Dyy(Ss)
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Usn{03)
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Osn
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Th
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